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Abstract. The paper investigates the reffection of linearly and circularly polarized electro-
magnetic waves both at the boundary between an isotropic non-active medium and an
isotropic optically active medium and at the boundary between an optically active medium
and a non-active medium. The components of the electric field and the intensity of the
reflected and refracted waves are determined. The following differential reflection methods
for studying the optical activity are proposed: usual reflection of left and right circularly
polarized waves (reflection optical activity): total reflection of circularly polarized waves;
total reflection of linearly polarized waves.

1. Introduction

Well known manifestations of the optical activity (i.e. gyrotropy) are the rotation of the
polarization plane and the circular dichroism which are observed when electromagnetic
waves (EMWs) propagate in an optically active medium. The normal EMws (solutions of
the Maxwell equations) in an isotropic gyrotropic medium are left circularly polarized
(Lcp) and right circularly polarized (RCP) waves of different refractive indices and of
different absorption coefficients. The gyrotropy also influences the reflection of EMWs
from an optically active medium [1-15]. Alongside the signal described by Fresnel’s
formulae, a weak signal of polarization, perpendicular to the polarization of the incident
wave, appears in the reflected wave. This signal gives information concerning the
gyrotropy of the medium and it could be detected through appropriate differential
methods [9, 15].

The present paper studies the problem of the reflection of EMws from an optically
active isotropic medium. The usual constitutive relations D = ¢E and B = uH are in-
adequate to describe the electromagnetic properties of isotropic chiral media. Several
sets of constitutive equations have been proposed for use in conjunction with Maxwell's
equations and respective boundary conditions in order to describe the interaction of
light with an isotropic optically active medivm [16].

Condon [17] proposed a symmetric set of constitutive relations:

D=¢E—gaH/at
B =uH + g dE/a:

g being the gyrotropic parameter, ¢ the dielectric permittivity and p the magnetic

(1)
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permeability of the medium. Silverman [4, 5] and Bassiri et af {6] used constitutive
equations equivalent to (1) in conjunction with the standard Maxweil boundary con-
ditions and obtained analytically exact self-consistent reflection and transmission ampli-
tudes at the interface between an isotropic non-gyrotropic medium and an isotropic
gyrotropic medium. We solve the same problem, as well as the boundary problem at the
interface between an isotropic gyrotropic medium and an isotropic non-gyrotropic
medium, and obtain explicit formulae for the reflection and refraction amplitudes in the
realistic case of weak gyrotropy (section 2).

Another asymmetric set of constitutive equations was proposed by Born [18] and

-

wasused in (1.2, 3, 7-11}:
D=¢E+fVxE) B=uH )

where fis the gvrotropic parameter of the medium.

This set of constitutive relations neglects the gyrotropic anisotropy of the mag-
netization, induced by the light, assuming the permeability u to be a scalar (ordinarily
g = 1). Such an assumption is justified by the invariance of the Maxwell equations at
optical frequencies under transformations that intermix the polarization and mag-
netization terms, rescaling the gyrotropic parameter in the refractive indices of the RCP
and LCP waves, Silverman [4. 5] has shown that the constitutive relations (2), when used
with the standard Maxwell boundary conditions, fail to give a physically acceptable
solution for the reflection and transmission of EMws. A correct solution of the boundary
problem may be obtained when relations (2) are used with modified boundary conditions
[1.2.7].

In section 3 the possibility of using the reflection from a gyrotropic medium to
study its gyrotropy is discussed. The applications of differential reflection methods are
considered in the case of the usual reflection of Lcp and rRCP EMws [9, 19, 20] (section
3.1) and in the case of total reflection (TR) [9] (section 3.2).

2. Refleetion of £xws from an optically active medium

2.1, Reflection at the non-active medium—optically active medium boundary

We shall consider the reflection of a plane EMW, propagating in a non-active isotropic
medium, a. with a refractive index ny= Ve, at the boundary with a gyrotropic
isotropic medium. b, having the constitutive equations (1). Both media are considered
to be non-absorbing.

The normal EMWs in the gyrotropic isotropic medium are RCP and LCP waves [5] of
refractive indices

n* =nxp'|/2 (3)
and polarization

E: = T isE: S (4)
where

n=Ven  p'=20g  s=p/lo. (5)

The quantities e(w), pu(w) and p'(w) have resonances for the frequencies of the
dipole active excitations of the medium [9, 21].



Reflection of EMWs from isotropic optically active media 531

Usually in reflection studies the intensity E of the electric field of the incident wave
is represented as the sum of two polarizations: £, (polarization paraliel to the plane of
incidence) and E, (polarization perpendicular to the plane of incidence}. In the non-
active medium, a, a wave E" with components £ and EY is reflected, the angle of
reflection being equal to the angle 6 of incidence (figure 1). In the gyrotropic medium,
b,arcPwave E* (E}, ES = —isEf)andaLcprwave E™ (E, E; = isE ) arerefracted
at angles @* and @ 7, respectively.

Snelt’s law is fulfilled because of the continuity conditions at the boundary:

nesin@=n*sing* =n"sing” =nsing (6)

where ¢ is the angle of refraction in the case where there is no gyrotropy of the medium
b(atp' =0, whenn* = n~ = n = Veyu).

The boundary problem is solved by implementation of the standard boundary con-
ditions of continuity of the tangential components of £ and H across the surface:

E# = Eb H: = HP, (7)

The following formulae for the s and p components of the reflected wave £” and for
the amplitudes of the RCP and LcP refracted waves E* are obtained:

EY = AE, + iCE, (8a)
E} = BE, — iCE, (8b)
Et = F*E, +iG*E,. (8c)

The generalized Fresnel coefficients 4, B, C, F* and G* obtained, coincide with the
results of Silverman [5] and are given in appendix 1.

The natural optical activity is a relatively weak effect and, for frequencies w far from
the resonances of the dipole active excitations of the medium, the inequality |p’| €n
holds (usually p’ = 10~3-107%; see [21]). We shall restrict our considerations to the case
of weak gyrotropy and we shall consider angles & of incidence, which are not in the
closest vicinities of the critical angle of TR (i.e. when cos @ # (j. Then cos ¢~ can be
presented in the following way:

cos@* =cosg x4 )]
6 = (|p'| sin® @)/(2n cos @). (10)

For the case of weak gyrotropy and non-magnetic media (i = g, = 1) the Fresnel
amplitudes (see appendix 1, {A1}-(A5)) take the form

F* = (N=Fs0)/2 (11a)
G* = (=M — Cno/n)/2 (11b)
A = (ngcos 8 — ncos ¢)/(ng cos 6 + ncos @) (12a)
B =(ncos 8 — ngcos g)/{ncos &+ ny cos p) (126)
M = (2ng cos 6)/(ng cos 6 + n cos @) (12¢)

N = (2n; cos 8)/(n cos 8 + n; cos g), (12d)
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Flgure 1. Reflection of an EMw at the boundary of Fipure 2. Reflection of an EMw at the boundary of
an optically non-active isotropic medium a and an an optically active medium and an optically non-
optically active isotropic medium b. £, E,, £, active medium. A RCPEMw is reflected and two
and £7 are the compenents of the electric field of circularly polarized Emws appear: E* (of the
the incident Enw and of the reflected EMw, ¢* same polarization) and £"~ (of the opposite polar-
and ¢ are refraction angles of the normal EMw ization). @~ #¢” (see‘ equations (6) for the
propagating in the gyrotropic medium b (+. RCP; refraction faw): E; and £, are the components of
-, LCP). myistherefractive index of medium a. and the refracted wave.

€ and p' are the dielectric constant and gyrotropic
parameter of the optically active medium b, The
anabyser A is introduced for TR measurements
only; see section 3.2.

The coefficients A. B. M and N coincide with the well known Fresnel amplitudes for
non-gyrotropic isotropic media. The coefficient

C = p'(n cos 8sin? ¢)/cos @ (n, cos 8 + n cos @) (g cos @ + 1 cos 6) (13)
is a gyrotropic contribution proportional to the small parameter p* (=10"3-10"%).

The same results for the reflected and refracted EMws are obtained in the case of
weak gyrotropy, when Born’s constitutive equations (2) (instead of Condon’s equations
(1)) are used in conjunction with modified boundary conditions, which take into account
the gyrotropy of the medium b [1]:

Et + EP By = B! —i(p'/2c)E?. (14)

So the optical activity of medium b introduces some new features in the reflection of
EMws. In the case when medium b is optically active, the independent transformation
of the s and p polarizations is violated: the reflected s (or p) wave contains a weak
contribution from the perpendicular p (or s) polarization of the incident wave, This
contribution is described by the gyrotropic coefficient C (8a) and (85).

In the case of a linearly polarized incident wave, e.g. an s wave (E,# 0, E, = 0) an
elliptically polarized reflected wave appears, and because of the small values of the
quantity C ~ p’ its ellipticity is strong. Measurements of the polarization and ellip-
sometric measurements could provide information about the gyrotropic parameter p'
[11.22]}. In the case of a circularly polarized incident wave (£, = %iE}) an elliptically
polarized reflected wave appears and its components depend on the gyrotropic term C:

E{=i(zA + O)F, EL =(B+CQ)E,
2.2. Reflection at the optically active isotropic medium-non-active medium boundary

We shall consider the reflection and refraction of a RCP wave E* (£}, El = —isE}),
which is propagating in a gyrotropic isotropic medium, at the boundary with a
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non-active isotropic medium (figure 2). The gyrotropic medium is described by Condon’s
constitutive equations (1). In order to satisfy the standard Maxwell boundary conditions
(7) two circularly polarized waves should be reflected:

(i) a RCP wave E"* (ELY, E¢* = —isEQ") for which the angle of reflection is equal
to the angle ¢* of incidence;

(ii) a LcP wave E"~ (E}7, E{” =isE"), for which the angle ¢~ of reflection is
slightly different from the angle ¢ * of incidence (see equations (6)).

An elliptically polarized wave E (E,, E;) is refracted at angle & in the non-gyrotropic
medium. The components of these waves are given by the formulae

Ert =R*E} (15a}
Ey =P*E} (15b)
E,=M}E} (15¢)
E,=N}ES. (154}

The expressions for the coefficients R, P*, M7 and Ny are given in appendix 2. In
the usual case of weak optical activity, at angles of incidence far from the critical angle
(when (9) holds) for non-magnetic media (i = u, = 1) equations ({15a)-(154)) are
reduced to the following expressions:

E" = (R+nE} (16a)
Ev- = (P+p)E} (16b)
E, = —is(M, + sCn/ng)E (16¢)
E,= (N, +sC)E; (164)
where
R=-iA+ B) (17a)
P=4#A - B) (176)
M, = (2ncos ¢)/(ng cos 8 + n cos @) (17¢)
N, = (2ncos @)/ (ncos 8 + ny cos @) (17d)

r=20&cos 8 (n} +n?)/(nycos @+ ncos p)(ngcose + ncosf)  (17¢)
p=0cos8(n} —n?)/(ngcos 6+ ncos@)(nycosg +ncos 8). (17

All other notation in (16) and (17) is given in section 2.1.
Similarly, in the case of reflection of a LCPEMW £~ (E . 7 = isE7), two reflected
circularly polarized waves appear:

(i) a LcP wave E" (E}", £ = isEY”) which is refiected at an angle equal to the
angle @~ of incidence;

(i) a RCP wave E'* (Ej*, E{* = —~isE}") with an angle ¢* of reflection not equal
tog@”.
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The solution of the boundary problem gives the following results for the amplitudes of
the reflected waves and for the components £, and £ of the wave which is refracted in
medium a (see appendix 2):

Ey* =P E; (184)
El" =RE; (18b)
E,=MTE; (18¢)
E,=NiE;. (184)

Assuming a weak optical activity and an angle of incidence far from the critical angle
(when (9) holds) we transform equations (182) and (184} into the forms

EY =(P-p)E; (19a)
Ey =(R-NE; (196)
E =is(M, —sCn/ny)E; (19¢)
E,= (N, —sC)E;. (19d)

A comparison between equations (16) and (19) shows that the transformation of the
incident circularly polarized wave into reflected and refracted waves is donc in a non-
identical way for the Lcrp and for the RCP normal EMws.

3. Differential reflection methods

In the case of reflection of a linearly polarized wave, the gyrotropy excites a component
of polarization perpendicular to the polarization of the incident EMW; se¢ equations (8a)
and (8b). The electric field £ of this component is proportional to the gyrotropic
parameter p', but its intensity I" ~ [ E”, |? is proportional to the quantity p'%. Because of
the small values of this parameter (p' = 107°-10"%) the reflected component of per-
pendicular polarization contains a very small fraction of the intensity /, of the incident
EMW:

['i -~ pr"'[U = (10_&—10_10)[{). (20)

The weak intensity of the component of perpendicular polarization is an obstacle to
its measurement and to the investigation of the optical activity through the reflection
spectra,

Using the differential methods proposed below, a signal could be obtained which is
linear in the quantity o’ and is therefore considerably stronger.

3.1. Differential methods in the case of the usual reflection

We propose to measure a differential signal which is the difference between the inten-
sities ['(—) and I'"(+) of the waves reflected from the optically active medium, when
the incident waves are circularly polarized (LcP and Rcp} of equal intensities I,. The
components of these circularly polarized EMWws are connected through the relations

E; ==iE;  |E}|=|E;l. (21)

The second equation expresses the equality between the intensities [ of the two circularly

*
p
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polarized waves. When equations (21} are substituted in equations (8a) and (8b), the
following values of the components of the reflected EMw are obtained:

Ef = EZ(A % C) Ey® =iEZ (B - C). (22)

The total intensity /" of the reflected EMW is determined with an accuracy up to terms
which are linear in the quantity p’ (i.e. linear in C}. In this way we find that

1" = [1) 4 1) = [ [(A? F 24C) + (B T 2BC)]. (23)

For the difference between the two signals obtained from the refiection of a Lcp (=) and
a RCP {+) EMW of equal intensities, the following expression is found:

1'(=) = I'(+) = 21,C(A + B). (24)

The differential signal (24} is proportional to the gyrotropic parameter p’ of the
isotropic optically active medium (see (13)). This makes it possible to determine the
values of o' and its frequency dependence. The dependence of (24) on the angle 6 of
incidence is complex and represents a combination of the respective dependences in
Fresnel’s formulae for the reflection for the s and p components.

In the proposed differential method the difference in the reflection properties of the
gyrotropic medium for EMws of different circular polarizations isinvestigated. A similar
non-identical reaction of the optically active medium is manifest alsoin other phenomena
related to gyrotropy: the circular birefringence, the circular dichroism (difference in the
absorption), the Raman optical activity (difference in the Raman scattering), etc. The
different reflections of LCP and RCP EMWs from a gyrotropic medium may be called the
reflection optical activity [3, 9]. It is the quantity proportional to the signal (24) which
was measured in [3]. Silverman [19, 20] proposed an experimental method based on
phase modulation and synchronous detection to measure the differential reflection of
incident LCP and RCP waves and other signals, demonstrating the asymmetric response
of the gyrotropic medium to orthogonat components of linearly polarized light (incident
TE and T™ light). The experimental results for differential reflectances from a gyrotropic
medium measured by the use of a photoelastic (or birefringent) modulator have been
given in [20].

3.2. Differential methods in the case of TR (ng > n)

The TR (at sin 8 > n/n) is treated by considering in equations (12) and (13) the factor
cos ¢ to be imaginary:

cos ¢ =i =iV (ngsin® 8)/n* — 1 (25)

(see the analogous treatment of TR in [18]). Again we exclude from our considerations
the closest vicinities of the critical angie of TR, i.e. we treat the quantity § in equation
(10) as a small gyrotropic addition. The intensities /5 and I} of the s and p components
of the reflected wave are obtained by calculating the quantities |E;|* and [E}|? from
equations (8a) and (80) when relation (25) holds. We find that the gyrotroplc non-
absorbing medium does not attenuate the TR, but it acts like a transformer (of low
efficiency) of the incident p-polarized (s-polarized) wave into a reflected s-polarized ( p-
polarized) wave:

IL=0+nly=1)-n (26)
where I? and I3 are the intensities of the s and p components of the incident EMW and 5
is an addition, proportional to the gyrotropic parameter p*.
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In order to obtain a signal giving information about the gyrotropy in the case of TR,
it is necessary to use an additional analyser (see figure 1) which absorbs the s or p
component of the reflected beam. (It is obvious that without an analyser the total
intensity of the reflected wave is equal to the intensity of the incident wave: [” = [T +
IE 5=I(s) + Ig =10.)

We propose two modifications of the differential spectroscopy in the case of TR.

3.2.1. TR of circularly polarized waves. The difference in the intensities of the reflected
s waves (or p waves) is measured when LCP(—) and RCP({+) waves of equal intensities
I, are incident upon the gyrotropic medium. The method makes use of the property of
the gyrotropic medium to transform differently—in the case of TR—the L¢P and RCP
waves into elliptically polarized waves of very small ellipticity. The calculations of the
differential signal are similar to the calculations in section 3.1. Here we note again that
in the case of TR the difference in the intensities only of the s or oniy of the p components
of the reflected signal should be measured (but not of the total reflected signals, as is
done in section 3.1). Thus we obtain

I1(4) = It (=) = 2n = (1, /2)p'[nd sin?(28)]/(nf — n¥) (ndsin® 8 — n?cos? B).  (27)

The differential signal provides information about the gyrotropic parameter p’. The
quantity (27) decreases monotonically from the angle & of incidence equal to 8, =
sin”!(n/ng) to zero at @ = x/2.

3.2.2. Tr of linearly polarized waves. The difference in the intensities of the s {or p)
components of the reflected waves is measured when linearly polarized incident waves
of azimuths y and —y(E, = Esin y, E, = £ cos y) are reflected. The quantity 7 in (26)
is proportional to sin(2y) and the following non-zero differential signal appears (it can
be calculated in the same way as in section 3.2.1):

IN(y) = 17 (—y) = 2n = I, 2p" sin(2y){n{ sin* 6 cos 8)/Vnjsin®* 8 — n*
X (1§ — n*)(nd sin® 6 — n® cos? 6). (28)

The differential signal (28) reaches its maximum when the azimuth of the linearly
polarized wave is ¥ = /4. This signal may increase when the angle of incidence is
close to the critical angle: 8 = 8., = sin~!(n/ng), 8 > B The quantity (28) increases
when the ratio n/ny > 1 is close to unity.

The proposed method—7r of linearly polarized waves—is used in [15] to investigate
the optical activity of aliquid-crystal substance near the frequencies of the intramolecular
vibrations. In this case the gyrotropic medium is absorbing and the TR is attenuated,
This situation requires special consideration.

4, Conclusion

The present paper treats the influence of the optical activity upon the reflection of EMws
at the boundary between an isotropic non-active medium and an isotropic optically
active medium (2 solution or a cubic crystal). As a result of the gyrotropy the electric
field of the reflected wave contains a weak contribution of polarization perpendicular to
the polarization of the incident wave. Thus in the case of reflection of Lcp and RCP
waves the non-identical reaction of the gyrotropic medium will occur—reflection optical
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activity. This phenomenon is analogous to circular birefringence and circular dichroism
when an EMW propagates through an optically active medium.

At the boundary between the gyrotropic isotropic medium and the non-active
medium, two reflected LCP and RCP waves appear when a LCP (or RCP) normal EMW is
reflected, The theoretical investigation of the reflection of EMws at a non-active medium—
optically active medium boundary and an optically active medium~non-active medium
boundary served as a basis for the study of the multibeam interference of EMws from an
optically active Fabry-Pérot etalon [23].

The possibility of investigating the gyrotropic properties by means of appropriate
differential reflection methods is pointed out in this paper. The signal obtained by the
differential methodsis linear in the gyration parameter p’(w) and is within the sensitivity
range of modern measuring devices. As far as the experimental test of the obtained
formulaeisconcerned, the differential reflectance from isotropic optically active samples
is measured in [3] and [20]. Interesting physical results are obtained by means of
differential methods for uniaxial media in [15] {see section 3.2.2) as well as in {12, 13]
(for optical activity in the exciton region of CdS).

Non-oriented solutions and cubic crystals do not exhibit linear birefringence, but
they are also isotropic with respect to their optical activity [21] (every direction in them
serves as the optical axis). The investigation of reflections from isotropic gyrotropic
media is facilitated by the absence of a fixed direction of the optical axis, which eliminates
the necessity to search for an appropriate cut of the crystal and to orient the sample.
However, for optically active non-oriented solutions, additional difficulties caused by
the low reflectivity of liquid surfaces may arise (see {3], where the reafized modification
of the differential reflection method proved successful for crystal samples but failed for
liquid samples). At the same time the transition region between the solution and its
vapours may not be sharp and then a more complex theory should be developed to take
into account this influence. A model in which the effect of the transition layer is
considered may be found in [1].

The study of the peculiarities of the reflection from optically active media allows the
introduction of a new method for the investigation of gyrotropy—reflection optical
activity, Knowledge of these peculiarities is the basis for the correct interpretation of
the reflection spectra of media possessing a naturai optical activity or gyrotropy induced
by external fields or by technological factors.

Appendix 1

A=[cos?8 —cos@*cosp™ —dcosB(cos g™ +cosp)g— g h)]/d (A1)
B=|cos>@—cosp*cosg™ +icosf(cosgpt +cosgp”)(g—qN)j/d (A2)
C=cos8(cos@* —cos@~)/d (A3)
F* =cos 8 [cos ¢ * + (cos 0) /ql/d (Ad)
G* = *cos @ [cos @ + (cos p¥)/q]/d (AS5)
where

q = Rug/nolt (A6)
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d=cos’@+cos@pTcos@™ +icosb(cospt +cosp (g +g) (A7)

All other notation is given in the text.

Appendix 2

R* =[cosq@*cosq™ —cos” @+ fcos @(cos @ — cos ™) (g + ¢~ )]/d (A8)
P* =cosBeosp* (g —q~)/d (A9)
M$T = Fi2scos ¢ * (cos ¥ + g cos §)/d {A10)
Ni=2cos ¢* (cos 8+ gcos @¥)/d (All)

where g and d are given in appendix 1 ((A6) and (A7) and the other notation is given
in the text.
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