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Abstract. The paper investigates the rcRection of linearly and circularly polarized electro- 
magnetic waves both at the boundary between an isotropic non-active medium and an 
isotropic optically active medium and at the boundary between an optically active medium 
and a non-active medium. The components of the electric field and the intensity of ihe 
reflected and refracted waves are determined. The following differential reflection methods 
for studying the optical activity are proposed: usual reflection of left and right circularly 
polarized waves (reRection optical activity): total reflection of circularly polarized waves; 
total reflection of linearly polarized waves. 

1. Introduction 

Well known manifestationsof the optical activity (i.e. gyrotropy.) are the rotation of the 
polarization plane and the circular dichroism which are observed when electromagnetic 
waves (EMWS) propagate in an optically active medium. The normal EMWS (solutionsof 
the Maxwell equations) in an isotropic gyrotropic medium are left circularly polarized 
(LCP)  and right circularly polarized (RCP) waves of different refractive indices and of 
different absorption coefficients. The gyrotropy also influences the reflection of EMWS 
from an optically active medium [I-151. Alongside the signal described by Fresnel's 
formulae, a weak signal of polarization, perpendicular to the polarization of the incident 
wave, appears in the reflected wave. This signal gives information concerning the 
gyrotropy of the medium and it could be detected through appropriate differential 
methods [9,  151. 

The present paper studies the problem of the reflection of EMWS from an optically 
active isotropic medium. The usual constitutive relations D = &E and B = pH are in- 
adequate to describe the electromagnetic properties of isotropic chiral media. Several 
sets of constitutive equations have been proposed for use in conjunction with Maxwell's 
equations and respective boundary conditions in order to describe the interaction of 
light with an isotropic optically active medium [16]. 

Condon [17] proposed a symmetricset of constitutive relations: 

D = EE - g a H / a f  
(1) 

B = pH + gaE/at  
g being the gyrotropic parameter, & the dielectric permittivity and p the magnetic 
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permeability of the medium. Silverman [4, 51 and Bassiri et a1 [6] used constitutive 
equations equivalent to (1) in conjunction with the standard Maxwell boundary con- 
ditions and obtained analytically exact self-consistent reflection and transmission ampli- 
tudes at the interface between an isotropic non-gyrotropic medium and an isotropic 
gyrotropic medium. We solve the same problem. as fi,ell as the boundary problem at the 
interface between an isotropic gyrotropic medium and an isotropic non-gyrotropic 
medium, and obtain explicit formulae for the reflection and refraction amplitudes in the 
realistic case of weak gyrotropy (section 2). 

Another asymmetric set of constitutive equations was proposed by Born [IS] and 
wasusedin[1.2,3,7-11]: 

A I Mireva and I J Lalou 

D = € ( E  +fV X E )  B = pH (2) 
bvherefis the gyrotropic parameter of the medium. 

This set of constitutive relations neglects the gyrotropic anisotropy of the mag- 
netization, induced by the light, assuming the permeability kc to be a scalar (ordinarily 
p = I ) .  Such an assumption is justified by the invariance of the Maxwell equations at 
optical frequencies under transformations that intermix the polarization and mag- 
netization terms, rescaling the gyrotropic parameter in the refractive indices of the RCP 
and ~ c ~ w a v e s .  Silverman [4,5] hasshown that the constitutive relations (2). when used 
with the standard Maxwell boundary conditions, fail to give a physically acceptable 
solution for the reflection and transmission of Ebtws. A correct solution of the boundary 
problem may be obtained when relations (2) are usedwith modified boundary conditions 
[l. 2.71. 

In section 3 the possibility of using the reflection from a gyrotropic medium to 
study its gyrotropy is discussed. The applications of differential reflection methods are 
considered in the case of the USUa! reflection of LCP and RCP EMWS [9, 19, 201 (section 
3.1) and in the case of total reflection (TR) [9] (section 3.2). 

2. Reflection of EMWS from an optically active medium 

2.1, Reflecriori at the non-active medium-optically active medium boundary 

We shall consider the reflection of a plane EMW ropagating in a non-active isotropic 

isotropic medium. b, having the constitutive equations (1). Both media are considered 
to be non-absorbing. 

The normal EMWS in the gyrotropic isotropic medium are RCP and LCP waves [5] of 
refractive indices 

medium. a. with a refractive index no = L 4 ~~p~ at the boundary with a gyrotropic 

,* IP'l/2 (3) 

E,' = 5 irEr (4) 

p' = 2wg = Pf/lP'l. (5 )  

and polarization 

where 
7 n = t ejc 

The quantities € ( U ) ,  p ( w )  and p ' (w)  have resonances for the frequencies of the 
dipole active excitations of the medium 19,211. 
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Usually in reflection studies the intensity E of the electric field of the incident wave 
is represented as the sum of two polarizations: Ep (polarization parallel to the plane of 
incidence) and E, (polarization perpendicular to the plane of incidence). In the non- 
active medium, a, a wave E” with components E; and E; is reflected, the angle of 
reflection being equal to the angle 0 of incidence (figure 1). In the gyrotropic medium, 
b,aRcPwaVeE+ (E: ,  E,? = - i sE: )anda~c~waveE-  ( E ; ,  E; = kE;)arerefracted 
at angles p+ and p-, respectively. 

Snelf’s law is fulfilled because of the continuity conditions at the boundary: 

no sin 0 = n +  sin p+ = n -  sin q -  = n sin q (6)  

where p is the angle of refraction in t& case where there is no gyrotropy of the medium 
b (at p’ = 0,  when n+ = n- = n = d & p ) .  

The boundary problem is solved by implementation of the standard boundary con- 
ditions of continuity of the tangential components of E and H across the surface: 

E: = E :  H :  = HP. (7) 

The following formulae for the s and p components of the reflected wave E“ and for 
the amplitudes of the RCP and LCP refracted waves E’ are obtained: 

E: = AE, + iCE, ( 8 4  

EL = BE, - iCE, 

E ;  = F’E, + iG’E, 

The generalized Fresnel coefficientsA. B ,  C, F*- and GL obtained, coincide with the 
results of Silverman [ 5 ]  and are given in appendix 1 

The natural optical activity is a relatively weak effect and, for frequencies w far from 
the resonances of the dipole active excitations of the medium, the inequality Ip’I Q n 
holds (usually p’ = lW3-IW5; see [21]). We shall restrict our considerations to the case 
of weak gyrotropy and we shall consider angles 0 of incidence, which are not in the 
closest vicinities of the critical angle of TR (i.e. when cos p # 0). Then cos qt can be 
presented in the following way: 

cos p*  = cos p f. 6 

6 = (Ip’I sin’ q ) / ( 2 n  cos p). 

(9) 

(10) 

For the case of weak gyrotropy and non-magnetic media (p = po = 1) the Fresnel 
amplitudes (see appendix 1, (Al)-(A5)) take the form 

F’ = ( N  3 sC)/2 

G’ = (+SM - Cnu/n)/2 

A = (nu cos 0 - n cos q ) / ( n u  cos 0 + n cos q) 

B = ( n  cos e - no cos q ) / ( n  cos 0 t. no cos p) 

M = (2nu cos O)/ (no cos 0 f n cos 9) 

N = (2n, cos 0 ) / ( n  cos 0 + nu cos p?). 

(=a) 

(126) 

(124 

(124 
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f o r m  I 

Figure 1. UeRectlonofan EMW at the boundar)'of 
anoptically non-active isotropic medium aand an 
oprically active isotropic medium b, Ev, E,, E; 
and E: are thecomponentsoftheelectricfieldof 
the incident EMW and of the reflected EMW, q +  
and q. are refraction angles of the normal EMU 

propagating in the gyrotropic medium b (t . RCP: 
-,~c~).n,~istherelractiveindciofmedium a.and the refracted wave. 
c and p' are the dielectric constant and gyrotropic 
parameter of the optically active medium b. The 
analyser A is introduced for TR measurements 
only; see section 3.2. 

Figure 2. Reflection of an EMW at the boundary of 
an optically active medium and an optically non- 
active medium. A RCPEMW is reflected and two 
circularly polarized EMWS appear: E'* (of the 
samepolarization)and E" (ofthe oppositepolar- 
ieation). p- # v-' (see- equations (6) for the 
refraction law): Ep and E, are the components of 

The coefficients A .  E .  M and Ai coincide with the well known Fresnel amplitudes for 
non-gyrotropic isotropic media. The coefficient 

is a gyrotropic contribution proportional to the small parameter p' (=10-3-10-s), 
The same results for the reflected and refracted EMWS are obtained in the case of 

weak gyrotropy. when Born's constitutive equations (2) (instead of Condon's equations 
(1)) are used in conjunction with modified boundaryconditions. which take intoaccount 
the gyrotropy of the medium b [I]: 

C = p'(n, ,  cos 8 sin' q)/cos q (nil cos 8 i 11 cos q ) ( n o  cos p + n cos 8) (13) 

E ;  + E :  E ;  = E? - i(pt/2c)@. (14) 
So the optical activity of medium b introducessome new featuresin the reflection of 

EMWS. I n  the case when medium b is optically active, the independent transformation 
of the s and p polarizations is violated: the reflected s (or p) wave contains a weak 
contribution from the perpendicular p (or s) polarization of the incident wave. This 
contribution is described by the gyrotropic coefficient C (Sa) and (8b). 

I n  the case of a linearly polarized incident wave, e.g. an s wave ( E ,  # 0, E,, = 0) an 
elliptically polarized reflected wave appears, and because of the small values of the 
quantity C - p' its ellipticity is strong. Measurements of the polarization and ellip- 
sometric measurements could provide information about the gyrotropic parameter p' 
[ l l .  221. In the case of a circularly polarized incident wave ( E 5  = &Ep) an elliptically 
polarized reflected wave appears and its components depend on the gyrotropic term C: 

E:' = i (2A + C)Ep E ;  = ( E  3- C)E,. 

2.2. Reflection at the optically arrive isotropic medium-non-active medium boundary 
We shall consider the reflection and refraction o f a  RCP wave E +  (E: ,  E: = -is/?;), 
which is propagating in a gyrotropic isotropic medium, at the boundary with a 
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non-active isotropicmedium (figure2). The gyrotropicmedium isdescribed by Condon's 
constitutive equations (1 ) .  In order to satisfy the standard Maxwell boundary conditions 
(7) two circularly polarized waves should be reflected: 

(i) a RCP wave E"+ (E;', E:+ = -isEF) for which the angle of reflection is equal 
to the angle qt of incidence; 

(ii) a LCP wave E'- (E;-, E!- = isEL-), for which the angle of reflection is 
slightly different from the angle qt of incidence (see equations (6) ) .  

An elliptically polarized wave E (Ep, E$) is refracted at angle 0 in the non-gyrotropic 
medium. The components of these waves are given by the formulae 

E? = RtE,'  (15a) 

= P+Ept ( 1 5 ~  

E$ = M t  E; (W 
EP = N : E,'. ( 1 5 4  

The expressions for the coefficients R',  P+ , M: and N :  are given in appendix 2. In 
the usual case of weak optical activity, at angles of incidence far from the critical angle 
(when (9) holds) for non-magnetic media (g = p, = 1 )  equations ((15a)-(15d)) are 
reduced to the following expressions: 

E F  = ( R  + r)E,' 

EL- = ( P  + p)E,' 

E$ = -is(M, + sCn/no)Ept 

Ep = ( N ,  + sC)E,' 

R = -$(A + B )  (17a) 

P = + ( A - B )  (17b) 

M I  = (2n cos p)/(no cos e + n cos q) (174 

N ,  = (2n cos q.)/(n cos 8 f no cos q) ( 1 7 4  

( 1 6 4  

(166) 

(W 
( 1 6 4  

where 

r = S cos 0 ( n i  + n2) / (no  cos 0 + n cos p)(no cos q + n cos 8)  (17e) 

p = 6 cos tl (ni  - n')/(no cos 0 + n cos p) (no cos p + n cos e). (17f) 

All other notation in (16) and (17) is given in section 2.1. 
Similarly, in the case of reflection of a LCPEMW E -  ( E ; .  E; = isEp), two reflected 

(i) a LCP wave E"- (E:- ,  E:- = isE;-) which is reflected at an angle equal to the 

(ii) a RCP wave E'+ (E:, E:+ = -isE;+) with an angle cp' of reflection not equal 

circularly polarized waves appear: 

angle q- of incidence; 

to q-. 
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The solution of the boundary problem gives the following results for the amplitudes of 
the reflected waves and for the components E,  and Ep of the wave which is refracted in 
medium a (see appendix 2): 

A I Miteua and I J Lalou 

E"+ = P-E;  

E:- = R U E ;  (18b) 

E , = M ~ E ;  (W 
Ep = N i E , .  ( 1 8 4  

Assuming a weak optical activity and an angle of incidence far from the critical angle 
(when (9) holds) we transform equations (18a) and (18d)  into the forms 

E$C = (P - p ) E ;  
EL- = ( R  - r)E; 

E5 = k(MI - sC~/nu)E;  (194 

E p = ( N ,  -sC)E;. (194  

( 1 9 4  

(196) 

A comparison betweenequations (16) and (19) shows that the transformation of the 
incident circularly polarized wave into reflected and refracted waves is done in a non- 
identical way for the LCP and for the RCP normal EMWS. 

3. Differential reflection methods 

In the case of reflection of a linearly polarized wave. the gyrotropy escites a component 
of polarization perpendicular to the polarization of the incident EMW; see equations (Sa) 
and (8b). The electric field E :  of this component is proportional to the gyrotropic 
parameterp', but its intensity I" - is proportional to the quantityp'2. Because of 
the small values of this parameter (p' = 10-3-10-5) the reflected component of per- 
pendicular polarization contains a very small fraction of the intensity 1, of the incident 
E m :  

I; - p'21u = (io-~-lo-"~)I". (20) 
The weak intensity of the component of perpendicular polarization is an obstacle to 

its measurement and to the investigation of the optical activity through the reflection 
spectra. 

linear in the quantity p' and is therefore considerably stronger. 
Using the differential methods proposed below, a signal could be obtained which is 

3.1. Differenrial methods in rhe cuse ofthe usual reflection 

We propose to measure a differential signal which is the difference between the inten- 
sities P(-) and Z"(+) of the waves reflected from the optically active medium, when 
the incident waves are circularly polarized (LCP and RCP) of equal intensities Io. The 
components of these circularly polarized EMWS are connected through the relations 

E" P %iEs2 IE:I = IK I .  (21) 

The second equationexpressesthe equality between the intensities1,ofthe twocircularly 
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polarized waves. When equations (21) are substituted in equations (8a) and (Sb) ,  the 
following values of the components of the reflected EMW’ are obtained: 

E”(’) = E:(A F c)  E;(*) = iE+(+B - c), (22) 
The total intensity f‘of the reflected EMW is determined with an accuracy up to terms 

which are linear in the quantity p’ (i.e. linear in C). In this way we find that 

(23) p(=) = p(*) + y(*) -11 - a[(A2 T 2AC) + (5’ T 2BC)I. 
P 

For the difference between the two signals obtained from the reflection of a LCP (-) and 
a RCP (+) EMW of equal intensities, the following expression is found: 

I”(-) - ? I ( + )  = 21aC(A + B). (24) 
The differential signal (24) is proportional to the gyrotropic parameter p’ of the 

isotropic optically active medium (see (13)). This makes it possible to determine the 
values of p’ and its frequency dependence. The dependence of (24) on the angle 6 of 
incidence is complex and represents a combination of the respective dependences in 
Fresnel’s formulae for the reflection for the s and p components. 

In the proposed differential method the difference in the reflection properties of the 
gyrotropic medium for EMWS of different circular polarizations is investigated. A similar 
non-identical reaction of theoptically activemediumis manifest also inotherphenomena 
related to gyrotropy: the circular birefringence, the circular dichroism (difference in the 
absorption), the Raman optical activity (difference in the Raman scattering), etc. The 
different reflections of LCP and RCPEMWS from a gyrotropic medium may be called the 
reflection optical activity [3,9]. It is the quantity proportional to the signal (24) which 
was measured in [3]. Silverman [19, 201 proposed an experimental method based on 
phase modulation and synchronous detection to measure the differential reflection of 
incident LCP and RCP waves and other signals, demonstrating the asymmetric response 
of the gyrotropic medium to orthogonal components of linearly polarized light (incident 
TE and TM light). The experimental results for differential reflectances from a gyrotropic 
medium measured by the use of a photoelastic (or birefringent) modulator have been 
given in [20] 

3.2. Differential methods in the case of TR (no > n) 

The TR (at sin 6 > n/nu) is treated by considering in equations (12) and (13) the factor 
cos ‘p to be imaginary: 

cos ‘p = i e  = i d ( n a  sin2 e)/rz? - 1 ( 2 5 )  
(see the analogous treatment of TR in [18]). Again we exclude from our considerations 
the closest vicinities of the critical angle of TR,  i.e. we treat the quantity 6 in equation 
(10) as a small gyrotropic addition. The intensities 1: and 16 of the sand p components 
of the reflected wave are obtained by calculating the quantities IE:1’ and 1E;l’ from 
equations (8a) and (86) when relation (25) holds. We find that the gyrotropic non- 
absorbing medium does not attenuate the TR, but it  acts like a transformer (of low 
efficiency) of the incident p-polarized (s-polarized) wave into a reflected s-polarized (p- 
polarized) wave: 

1: = 1: + ll1; = 1; - 7 (26) 
where 1: and 1; are the intensities of the s and p components of the incident EMW and q 
is an addition, proportional to the gyrotropic parameter p‘. 
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In order to obtain a signal giving information about the gyrotropy in the case of TR, 
it is necessary to use an additional analyser (see figure 1) which absorbs the s or p 
component of the reflected beam. (It is obvious that without an analyser the total 
intensity of the reflected wave is equal to the intensity of the incident wave: I” = 1; + 

We propose two modifications of the differential spectroscopy in the case of TR. 

3.2.1. TR ofcircularl~polarized waues. The difference in the intensitiesof the reflected 
s waves (or p waves) is measured when LCP(-) and R e ( + )  waves of equal intensities 
I ,  are incident upon the gyrotropic medium. The method makes use of the property of 
the gyrotropic medium to transform differently-in the case of TR-the LCP and RCP 
waves into elliptically polarized waves of very small ellipticity. The calculations of the 
differential signal are similar to the calculations in section 3.1. Here we note again that 
in thecaseOfTRthedifferencein theintensitiesonlyofthesoronlyof the pcomponents 
of the reflected signal should be measured (but not of the total reflected signals, as is 
done in section 3.1). Thus we obtain 

I ; (+)  - I;(-) = 2q = (1,/2)p’[n: sin2(20)]/(ng - n’)(n: sin’ 8 - n2 cos* 0). (27) 

The differential signal provides information about the gyrotropic parameter p’.  The 
quantity (27) decreases monotonically from the angle 0 of incidence equal to e,,, = 
sin-I(n/no) to zero at e = 4 2 .  

3.2.2. TR offinearly polarized waues. The difference in the intensities of the s (or p) 
components of the reflected waves is measured when linearly polarized incident waves 
of azimuths y and -y(E, = Esin y ,  E,  = Ecos y )  are reflected. The quantity q in (26) 
is proportional to sin(2y) and the following non-zero differential signal appears (it can 
be calculated in the same way as in section 3.2.1): 

~ : ( y )  - / ; ( - y )  = 2q = 1,2p’ sin(2y)(nd sin4 BCOS e)/-\/n(j sin2 e - n? 

r; = 1: t 1; = 1 0 , )  

x ( a i  - n 2 ) ( n i  sin2 e - n’ cos2 e). (28) 
The differential signal (28) reaches its maximum when the azimuth of the linearly 

polarized wave is y = +n/4. This signal may increase when the angle of incidence is 
close to the critical angle: 0 3 &, = sin-](n/n,). B > Omt. The quantity (28) increases 
when the ratio ./no > 1 is close to unity. 

The proposed method-TR of linearly polarized waves-is used in [15] to investigate 
theoptical activity of aliquid-crystal substance near the frequencies of theintramolecular 
vibrations. In this case the gyrotropic medium is absorbing and the TR is attenuated. 
This situation requires special consideration. 

4. Conclusion 

The present paper treats the influence of the optical activity upon the reflection of EMWS 
at the boundary between an isotropic non-active medium and an isotropic optically 
active medium (a solution or a cubic crystal). As a result of the gyrotropy the electric 
field of the reflected wave contains a weak contribution of polarization perpendicular to 
the polarization of the incident wave. Thus in the case of reflection of LCP and RCP 
waves the non-identical reaction of the gyrotropic medium will occur-reflection optical 
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activity. This phenomenon is analogous to circular birefringence and circular dichroism 
when an EMW propagates through an optically active medium. 

At the boundary between the gyrotropic isotropic medium and the non-active 
medium, two reflected LCP and RCP waves appear when a LCP (or R e )  normal EMW is 
reflected. The theoreticalinvestigation ofthe refiectionofEMWsat a non-active medium- 
optically active medium boundary and an optically active medium-non-active medium 
boundary served as a basis for the study of the multibeam interference of EMWS from an 
optically active Fabry-PCrot etalon [23] .  

The possibility of investigating the gyrotropic properties by means of appropriate 
differential reflection methods is pointed out in this paper. The signal obtained by the 
differentialmethodsislinearin thegyrationparameterp'(w) andiswithinthesensitivity 
range of modern measuring devices. A s  far as the experimental test of the obtained 
formulae isconcerned, the differential reflectance from isotropic optically active samples 
is measured in [3]  and [20] .  Interesting physical results are obtained by means of 
differential methods for uniaxial media in [15] (see section 3.2.2) as well as in [12, 131 
(for optical activity in the exciton region of CdS). 

Non-oriented solutions and cubic crystals do not exhibit linear birefringence, but 
they are also isotropic with respect to their optical activity 1211 (every direction in them 
serves as the optical axis). The investigation of reflections from isotropic gyrotropic 
mediaisfacilitatedby the absenceofafixeddirectionoftheopticalaxis, whicheliminates 
the necessity to search for an appropriate cut of the crystal and to orient the sample. 
However, for optically active non-oriented solutions, additional difficulties caused by 
the low reflectivity of liquid surfaces may arise (see (31, where the realized modification 
of the differential reflection method proved successful for crystal samples but failed for 
liquid samples). At the same time the transition region between the solution and its 
vapours may not be sharp and then a more complex theory should be developed to take 
into account this influence. A model in which the effect of the transition layer is 
considered may be found in [I]. 

The study of the peculiarities of the reflection from optically active media allows the 
introduction of a new method for the investigation of gyrotropy-reflection optical 
aaivity. Knowledge of these peculiarities is the basis for the correct interpretation of 
the reflection spectra of media possessing a natural optical activity or gyrotropy induced 
by external fields or by technological factors. 

Appendix 1 

A = [cosz 0 -cos q c  c o s p -  - I c o s e ( c o s p +  +cos q - ) ( q  - q - ' ) ] / d  

B = [cos* 0 - cosp+ c o s q -  + ?cosB(cosp+ + cosq- ) (q  - q - ' ) ] / d  

C = cos 0 (cos p+ - cos p - ) / d  

F' = 

G' = icos 0 [cos 0 + (cos q ' ) / q ] / d  

q =  ' p Q / f l Q p  (A61 

(AI)  

('42) 

( A 3 )  

( A 4 )  

(A51 

e [COS q = + (COS e)  /q l /d  

where 
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d = cos' 0 + cos q +  cos p -  + $cos 8 ( c o s q +  + cos p-) (q + 4-l) (A7) 
All other notation is given in the text. 

Appendix 2 

R' = [cosq' COS p-  - COS2 0 + $COS  COS q' - cosq ' ) (g  + q - ' ) ] / d  (A81 

P' = c o s ~ c o s ~ * ( ~ - ~ - ' ) ! ~  (A91 

Mf = T i 2 s c o s q , ' ( c o s q Z + q c o s 0 ) / d  (A10) 

Nf = 2 c o s q i  ( c o s 0 i q c o s q ' ) / d  (All)  
where q and d are given in appendix 1 ((A6) and (A7)) and the other notation i s  given 
in the text. 
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